On $t$-core and self-conjugate $(2t-1)$-core partitions in arithmetic
  progressions by Bringmann, Kathrin et al.
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EXTENDING ONO AND RAJI’S RELATIONS BETWEEN CLASS
NUMBERS AND SELF-CONJUGATE 7-CORES
KATHRIN BRINGMANN AND BEN KANE
1. Introduction and statement of results
Denote by H(|D|) (D > 0 a discriminant) the D-th Hurwitz class number, which
counts the number of SL2(Z)-equivalence classes of integral binary quadratic forms
of discriminant D, weighted by 1
2
times the order of their automorphism group.1 A
partition λ is a t-core partition if none of the hook lengths in its Ferrer’s diagram
have length divisible by t, and a self-conjugate partition is one whose Ferrer’s diagram
is symmetrical about the diagonal (i.e., it is equal to its conjugate). Letting sc7(n)
denote the number of self-conjugate 7-core partitions of n and ( ·
·
) denote the extended
Jacobi Symbol, we may state our first theorem.
Theorem 1.1. For every n ∈ N, we have
sc7(n) =
1
4
(
H(28n+ 56)−H
(
4n + 8
7
)
− 2H(7n+ 14) + 2H
(
n+ 2
7
))
.
Here and throughout, for n ∈ Q we set H(n) := 0 if n /∈ Z or −n is not a
discriminant. While Theorem 1.1 gives a uniform formula for sc7(n) as a linear
combination of Hurwitz class numbers for every n, it is also desirable to obtain a
formula in terms of a single class number. For this, let ℓ ∈ N0 be chosen maximally
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1Some authors write H(D) instead of H(|D|); in particular this notation was used in [4].
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such that n ≡ −2
(
mod 22ℓ
)
and set
Dn :=


28n+ 56 if n ≡ 0, 1 (mod 4) ,
7n+ 14 if n ≡ 3 (mod 4) ,
Dn+2
22ℓ
−2 if n ≡ 2 (mod 4) .
(1.1)
and
νn :=


1
4
if n ≡ 0, 1 (mod 4) ,
1
2
if n ≡ 3 (mod 8) ,
νn+2
22ℓ
−2 if n ≡ 2 (mod 4) ,
0 otherwise.
(1.2)
A binary quadratic form is called primitive if gcd(a, b, c) = 1 and, for a prime p,
p-primitive if p ∤ gcd(a, b, c). We let Hp(D) count the number of p-primitive classes
of integral binary quadratic forms of discriminant −D, with the same weighting as
H(D).
Corollary 1.2. For every n ∈ N we have
sc7(n) = νnH7 (Dn) .
Remark. For n 6≡ −2 (mod 7), one has H(Dn) = H7(Dn) and hence the cases n ≡
1, 3 (mod 4) of Corollary 1.2 with n 6≡ −2 (mod 7) were covered by [4, Theorem 1].
For n+2 squarefree, we may use Dirichlet’s class number formula to obtain another
representation for sc7(n); Ono and Raji [4, Corollary 2] covered the case that n 6≡
−2 (mod 7) is odd.
Corollary 1.3. If n ∈ N is an integer for which n+ 2 is squarefree, then
sc7(n) = −
νn
Dn


∑Dn−1
m=1
(
−Dn
m
)
m if n 6≡ −2 (mod 7) ,
72
(
7 +
(
Dn
72
7
))∑Dn
72
−1
m=1
(
−Dn
72
m
)
m if n ≡ −2 (mod 7) .
The following corollary relates sc7(m) with m + 2 not necessarily squarefree to
sc7(n) with n + 2 squarefree, for which Corollary 1.3 applies. The cases ℓ = r = 0
with n 6≡ −2 (mod 7) odd were proven in [4, Corollary 3]. For this µ denotes the
Möbius function and σ1(n) :=
∑
d|n d.
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Corollary 1.4. If n ∈ N is any integer for which n + 2 is squarefree, ℓ, r ∈ N0, and
f ∈ N with gcd(f, 14) = 1, then
sc7
(
(n + 2)22ℓf 272r − 2
)
= 7r sc7(n)
∑
1≤d|f
µ(d)
(
−Dn
d
)
σ1
(
f
d
)
.
2. Proof of Theorems 1.1 and Corollary 1.3
Setting q := e2πiτ , define
S(τ) :=
∑
n≥0
sc7(n)q
n+2.
As stated on [4, page 4], S is a modular form of weight 3
2
on Γ0(28) with character(
28
·
)
.
2.1. Proof of Theorem 1.1. To prove Theorem 1.1, we let
Hℓ1,ℓ2(τ) := H
∣∣(Uℓ1,ℓ2 − ℓ2Uℓ1Vℓ2)(τ).
Here for f(τ) :=
∑
n∈Z cf (n)q
n
f
∣∣Ud(τ) :=∑
n∈Z
cf(nd)q
n and f
∣∣Vd(τ) :=∑
n∈Z
cf(n)q
dn,
and
H(τ) :=
∑
D≥0
D≡0,3 (mod 4)
H(D)qD.
Proof of Theorem 1.1. Shifting n 7→ n− 2 in Theorem 1.1 and taking the generating
function of both sides, the claim is equivalent to
S(τ) =
1
4
H1,2
∣∣ (U14 − U2∣∣V7) (τ). (2.1)
By [1, Lemma 2.3 and Lemma 2.6], both sides of (2.1) are modular forms of weight
3
2
on Γ0(56) with character
(
28
·
)
. By the valence formula, it thus suffices to check (2.1)
coefficientwise for the first 12 coefficients; this has been done by computer, yielding
(2.1) and hence Theorem 1.1. 
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2.2. Rewriting sc7(n) in terms of representation numbers. The next lemma
rewrites sc7(n) in terms of the representation numbers (for m ∈ N0)
r3(m) := #
{
x ∈ Z3 : x21 + x
2
2 + x
2
3 = m
}
.
For m ∈ Q \ N0, we furthermore set r3(m) := 0 for ease of notation.
Lemma 2.1.
(1) For n ∈ N, we have
sc7(n) =
1
48
(
r3(7n+ 14)− r3
(
n + 2
7
))
.
(2) If n ≡ −2 (mod 7), then we have
sc7(n) =
1
48
((
7 +
(
Dn
72
7
))
r3
(
n+ 2
7
)
− 7r3
(
n + 2
73
))
.
Proof. (1) We denote by Θ(τ) :=
∑
n∈Z q
n2 the usual theta function. By the proof
of [1, Lemma 4.1] we have
Θ3(τ) =
∑
n>0
r3(n)q
n = 12H1,2
∣∣U2(τ).
Plugging this into (2.1), the claim follows after picking off the Fourier coefficients and
shifting n 7→ n+ 2.
(2) Recall that for f(τ) =
∑
n∈Z cf(n)q
n a modular form of weight λ + 1
2
∈ Z + 1
2
,
the p-th Hecke operator is defined as
f | Tp2(τ) =
∑
n>0
(
cf
(
pn2
)
+
(
(−1)λn
p
)
pλ−1cf(n) + p
2λ−1cf
(
n
p2
))
qn.
It is well-known that
Θ3
∣∣Tp2 = (p+ 1)Θ3. (2.2)
Rearranging (2.2) and comparing coefficients we obtain, by (2.2), for m := n + 2 ≡
0 (mod 7),
r3(7m) = 8r3
(m
7
)
−
(
−m
7
7
)
r3
(m
7
)
− 7r3
(m
73
)
.
The claim follows by (1). 
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2.3. Formulas in terms of single class numbers. We next turn to formulas for
sc7(n) in terms of a single class number.
Corollary 2.2.
(1) For n 6≡ −2 (mod 7) and n 6≡ 2 (mod 4), we have
sc7(n) = νnH(Dn).
(2) For n ≡ −2 (mod 7), n 6≡ −2 (mod 73), and n 6≡ 2 (mod 4), we have
sc7(n) =
(
7 +
(
Dn
72
7
))
νnH
(
Dn
72
)
.
(3) If n ≡ 2 (mod 4), then
sc7(n) = sc7
(
n + 2
4
− 2
)
.
(4) If n ≡ −2 (mod 72), then
sc7(n) = 7 sc7
(
n+ 2
72
− 2
)
.
Remark. For n 6≡ 2 (mod 4), we have 7(n+2) | Dn, so n ≡ −2 (mod 7) implies that
72 | Dn, and hence Corollary 2.2 (2) is meaningful.
Proof of Corollary 2.2. (1) Since n 6≡ −2 (mod 7), the final term in Lemma 2.1 (1)
vanishes, giving
sc7(n) =
1
48
r3(7n+ 14). (2.3)
The claim then follows immediately by plugging in the well-known formula of Gauss
(see e.g. [3, Theorem 8.5])
r3(n) =


12H(4n) if n ≡ 1, 2 (mod 4) ,
24H(n) if n ≡ 3 (mod 8) ,
r3
(
n
4
)
if 4 | n,
0 otherwise.
(2.4)
(2) Since 73 ∤ (n+ 2), the final term in Lemma 2.1 (2) vanishes, giving
sc7(n) =
1
48
(
7 +
(
Dn
72
7
))
r3
(
n + 2
7
)
.
6 KATHRIN BRINGMANN AND BEN KANE
The claim then immediately follows by plugging in (2.4).
(3) Since n ≡ 2 (mod 4), we have 4 | (n + 2), and hence (2.4) and Lemma 2.1 (1)
imply the claim.
(4) Since n ≡ −2 (mod 72), we have 73 | Dn, so 7 |
Dn
72
. Hence Lemma 2.1 (1) and
(2) imply the claim. 
2.4. Proof of Corollary 1.3. We next consider the special case that n+2 is square-
free and use Dirichlet’s class number formula to obtain another formula for sc7(n).
Proof of Corollary 1.3. Note that since n+2 is squarefree, either −Dn is fundamental
(for n 6≡ −2 (mod 7)) or −Dn
72
is fundamental (for n ≡ −2 (mod 7)).
We now use Dirichlet’s class number formula (see for example [5, Satz 3])
H(|D|) = −
1
|D|
|D|−1∑
m=1
(
D
m
)
m. (2.5)
By Corollary 2.2 (1), (2) (the conditions given there are satisfied because n + 2 is
squarefree and thus neither n ≡ 2 (mod 4) nor n ≡ −2 (mod 73)), we have
sc7(n) = νn


H(Dn) if n 6≡ −2 (mod 7) ,(
7 +
(
Dn
72
7
))
H
(
Dn
72
)
if n ≡ −2 (mod 7) .
(2.6)
Since −Dn is fundamental in the first case and −
Dn
72
is fundamental in the second
case, we may plug in (2.5) with D = −Dn in the first case and D = −
Dn
72
in the
second case.
Thus for n 6≡ −2 (mod 7) we plug
H (Dn) = −
1
Dn
Dn−1∑
m=1
(
−Dn
m
)
m
into (2.6), while for n ≡ −2 (mod 7) we plug in
H
(
Dn
72
)
= −
72
Dn
Dn
72
−1∑
m=1
(
−Dn
72
m
)
m.
This yields the claim. 
EXTENDING RESULTS OF ONO AND RAJI 7
3. Proofs of Corollaries 1.2 and 1.4
This section relates sc7(m) and sc7(n) if
m+2
n+2
is a square.
3.1. A recursion for sc7(n). In this subsection, we consider the case
m+2
n+2
= 22j72ℓ.
Lemma 3.1. Let ℓ ∈ N0 and n ∈ N.
(1) We have
sc7
(
(n + 2)22ℓ − 2
)
= sc7(n).
(2) We have
sc7
(
(n + 2)72ℓ − 2
)
= 7ℓ sc7(n).
Proof. (1) Corollary 2.2 (3) gives inductively that for 0 ≤ j ≤ ℓ we have
sc7
(
(n+ 2)22ℓ − 2
)
= sc7
(
(n+ 2)22(ℓ−j) − 2
)
.
In particular, j = ℓ yields the claim.
(2) The claim is trivial if ℓ = 0. For ℓ ≥ 1, Corollary 2.2 (4) inductively yields that
for 0 ≤ j ≤ ℓ
sc7
(
(n+ 2)72ℓ − 2
)
= 7j sc7
(
(n+ 2)72(ℓ−j) − 2
)
.
The case j = ℓ is precisely the claim. 
3.2. Proof of Corollary 1.4. We are now ready to prove Corollary 1.4.
Proof of Corollary 1.4. We first use Lemma 3.1 (1), (2) to obtain that
sc7
(
(n+ 2)22ℓf 272r − 2
)
= 7r sc7
(
(n + 2)f 2 − 2
)
. (3.1)
We split into the case n 6≡ −2 (mod 7) (in which case −Dn is fundamental) and
n ≡ −2 (mod 7) (in which case −Dn
72
is fundamental).
First suppose that n 6≡ −2 (mod 7). We use Corollary 2.2 (1) to obtain
sc7
(
(n + 2)f 2 − 2
)
= νnH
(
Dnf
2
)
We then plug in [2, p. 273] (−D a fundamental discriminant)
H
(
Df 2
)
= H(D)
∑
1≤d|f
µ(d)
(
−D
d
)
σ1
(
f
d
)
. (3.2)
Hence by Corollary 2.2 (1)
sc7
(
(n+ 2)f 2 − 2
)
= sc7(n)
∑
1≤d|f
µ(d)
(
−Dn
d
)
σ1
(
f
d
)
,
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and plugging back into (3.1) yields the corollary in that case.
We next suppose that n ≡ −2 (mod 7). First note that since 7 ∤ f and n + 2 is
squarefree, (n + 2)f 2 − 2 6≡ −2 (mod 73) and n 6≡ 2 (mod 4). We plug in Corollary
2.2 (2), use (3.2) (recall that −Dn
72
is fundamental), and note that (
Dnf
2
72
7
) = (
Dn
72
7
) to
obtain that
sc7
(
(n+ 2)f 2 − 2
)
=
(
7 +
(
Dn
72
7
))
νnH
(
Dn
72
) ∑
1≤d|f
µ(d)
(
−Dn
72
d
)
σ1
(
f
d
)
.
We then use Corollary 2.2 (2) again and plug back into (3.1) to conclude that
sc7
(
(n+ 2)22ℓf 272r − 2
)
= 7r sc7(n)
∑
1≤d|f
µ(d)
(
−Dn
72
d
)
σ1
(
f
d
)
.
Since 7 ∤ f , we have (
−Dn
72
d
) = (−Dn
d
) for d | f . Therefore the corollary follows. 
3.3. Proof of Corollary 1.2. We next rewrite Corollary 2.2 (2) in order to uniformly
package Corollary 2.2 (1), (2), and (3). We first require a lemma relating the 7-
primitive class numbers H7 and the Hurwitz class numbers.
Lemma 3.2. For a discriminant −D, we have
H7(D) = H(D)−H
(
D
72
)
.
Proof. To rewrite the right-hand side, we write D = ∆72ℓf 2 with 7 ∤ f and −∆
fundamental discriminant and then plug in the well-known identity
H(D) =
∑
d2|D
h
(
−D
d2
)
ω− D
d2
,
where as usual h(−D
d2
) counts the number of classes of primitive quadratic forms
[a, b, c] with discriminant −D
d2
and gcd(a, b, c) = 1. This yields
H(D)−H
(
D
72
)
=
∑
d|7ℓf
h
(
−D
d2
)
ω− D
d2
−
∑
d|7ℓ−1f
h
(
− D
72d2
)
ω− D
72d2
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=
∑
d|7ℓf
h
(
−D
d2
)
ω− D
d2
−
∑
d|7ℓf
7|d
h
(
−D
d2
)
ω− D
d2
=
∑
d|7ℓf
7∤d
h
(
−D
d2
)
ω− D
d2
. (3.3)
The claim of the lemma is thus equivalent to showing that the right-hand side of
(3.3) equals H7(D). Multiplying each form counted by h(−
D
d2
) by d, we see that (3.3)
precisely counts those quadratic forms [a, b, c] of discriminant −D with 7 ∤ gcd(a, b, c),
weighted in the usual way. 
To finish the proof of Corollary 1.2, for a fundamental discriminant −∆, we also
require the evaluation of
Cr,∆ :=
∑
1≤d|7r
µ(d)
(
−∆
d
)
σ1
(
7r
d
)
−
∑
1≤d|7r−1
µ(d)
(
−∆
d
)
σ1
(
7r−1
d
)
.
A straightforward calculation gives the following lemma.
Lemma 3.3. For r ∈ N we have
Cr,∆ = 7
r−1
(
7 +
(
∆
7
))
.
We are now ready to prove Corollary 1.2.
Proof of Corollary 1.2. We first consider the case that n 6≡ 2 (mod 4). If n 6≡
−2 (mod 7), then Corollary 1.2 follows directly from Corollary 2.2 (1) and Lemma
3.2.
For n ≡ −2 (mod 7), we choose rn ∈ N0 maximally such that n ≡ −2 (mod 7
2rn+1)
and proceed by induction on rn. For rn = 0 we have Dn = ∆nf
272 with −∆n a
fundamental discriminant and 7 ∤ f . Since 7 ∤ f , we have(
−∆nf
2
7
)
=
(
−∆n
7
)
,
and hence combining Corollary 2.2 (2), (3.2), and Lemma 3.3 gives
sc7(n) = νnH(∆n)

∑
1≤d|7
µ(d)
(
−∆n
d
)
σ1
(
7
d
)
− 1

 ∑
1≤d|f
µ(d)
(
−∆n
d
)
σ1
(
f
d
)
.
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Noting that 7 ∤ f and ∑
1≤d|f
µ(d)
(
−∆n
d
)
σ1
(
f
d
)
(3.4)
is multiplicative, we obtain
sc7(n) = νnH(∆n)

 ∑
1≤d|7f
µ(d)
(
−∆n
d
)
σ1
(
7f
d
)
−
∑
1≤d|f
µ(d)
(
−∆n
d
)
σ1
(
f
d
) .
We then apply (3.2) again and use Lemma 3.2 to obtain Corollary 1.2 in this case.
This completes the base case rn = 0 of the induction.
Let r ≥ 1 be given and assume the inductive hypothesis that that Corollary 1.2
holds for all n with rn < r. We then let n be arbitrary with rn = r and show that
Corollary 1.2 holds for n. By Corollary 2.2 (4), we have
sc7(n) = 7 sc7
(
n+ 2
72
− 2
)
. (3.5)
By the maximality of rn, 7
2r−1 | n+2
72
but 72r+1 ∤ n+2
72
, so rn+2
72
−2 = r− 1 < r and hence
by induction we may plug Corollary 1.2 into the right-hand side of (3.5) to obtain
sc7(n) = 7νn+2
72
−2H7
(
Dn+2
72
−2
)
. (3.6)
A straightforward calculation shows that
νn+2
72
−2 = νn and Dn+2
72
−2 =
Dn
72
and hence (3.6) implies that
sc7(n) = 7νnH7
(
Dn
72
)
.
Hence Corollary 1.2 in this case is equivalent to showing that
H7 (Dn) = 7H7
(
Dn
72
)
. (3.7)
Plugging Lemma 3.2 and then (3.2) into both sides of (3.7), cancelling H(∆n),
and again using the multiplicativity of (3.4), one obtains that (3.7) is equivalent
to Cr+1,∆n = 7Cr,∆n. Since r ≥ 1, we have r + 1 ≥ 2, and Lemma 3.3 implies
thatCr+1,∆n = 7Cr,∆n, yielding Corollary 1.2 for all n 6≡ 2 (mod 4).
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We finally consider the case n ≡ 2 (mod 4). We choose ℓ maximally such that
n ≡ −2
(
mod 22ℓ
)
. Lemma 3.1 (1) implies that
sc7(n) = sc7
((
n+ 2
22ℓ
− 2 + 2
)
22ℓ − 2
)
= sc7
(
n+ 2
22ℓ
− 2
)
.
The choice of ℓ implies that n+2
22ℓ
−2 6≡ 2 (mod 4). We may therefore plug in Corollary
1.2 and the definitions (1.1) and (1.2) to conclude that
sc7
(
n+ 2
22ℓ
− 2
)
= νn+2
22ℓ
−2H7
(
Dn+2
22ℓ
−2
)
= νnH7 (Dn) . 
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